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The fluctuation of physical quantities in multicomponent solutions and its relevance to the light scattering intensity
are reexamined. The fluctuation of thermodynamic quantities in solutions is derived without any constraint to the system,
such as the assumption of constant volume or constant mass. Based on the mean square correlation among the fluctuation
of thermodynamic variables, a general expression for the light scattering intensity is obtained. The present result coincides
with that derived by assuming artificial constraints to the volume or the mass of the solutions, the procedure which has
been adopted customarily by previous workers. The relation between the fluctuation of density and the mass fraction is

also discussed.

The intensity of light scattering is proportional to the mean
square of the fluctuation of the dielectric constant of the
scattering medium ((J¢)?).!~® Since the dielectric constant
£ is a function of thermodynamic variables, a number of
light scattering measurements were carried out to get insight
into the fluctuations in solutions such as the concentration
fluctuations and the partial structure of solutions.”™

In order to describe the light scattering intensity in terms
of thermodynamic fluctuations, we must know the correla-
tion among the thermodynamic fluctuation in local parts of
the solution; this is achieved by considering the change of
minimum work of the system upon fluctuation!®'V as de-
scribed in textbooks.!*!? However, we should like to draw
attention to the point that in all these textbooks one of the
extensive variables is fixed in order to derive the correlation
among the fluctuations. In the paper by Cohen et al.' cited
in these textbooks, the authors stated that “to compute mini-
mum work for a system we must define the system by keeping
one extensive variable fixed”. Accordingly, they derived the
fluctuation by fixing the volume or the total mass M (or the
total number N) of the system. The latter approach to fix
the total mass is followed in most subsequent textbooks.">!?
However, such a constraint is obviously not appropriate for
the treatment of the general fluctuation in local parts of so-
Iution. To explicitly demonstrate the deficiency we consider
a binary solution of molecules 1 and 2 of masses m; and m;
and numbers Ny, and N,. The constraint of the total mass re-
quires OM = m; N1 +my 0N, = 0, where & symbolizes the
change in the total mass and the numbers in the subsystem
in the terminology of thermodynamics. Such a constraint
means that when N; molecules 1 diffuse into (out of) the
subsystem, m;N;/m, molecules 2 must counterbalancingly
diffuse out (in), which is obviously incompatible with the
natural fluctuation in local parts of solution.

This incongruity appears to stem partly from the confusion
of the previous workers that the scattering volume was the

subsystem whose volume was determined by the spot size
of the laser used for scattering experiments. However, we
should like to point out that the fixed scattering volume does
not mean a constant volume in the thermodynamic sense
since the thermodynamic variable conjugate to volume, that
is pressure, does nothing at all to keep the volume constant
in this scattering event.

Therefore, a general expression free from any constraint
must be derived which leads to the correlation among the
fluctuations, and ultimately to the light scattering intensity.
This is the primary purpose of the present paper.

Fluctuation in Multicomponent Solutions

First, we summarize the thermodynamics of a subsystem
of L-component solutions for the sake of the later discussion.
The subsystem is a part of the system which is large enough
to allow thermodynamic treatments and yet small enough
relative to the total system. The surrounding of the subsystem
works as the source and sink of heat, pressure, and particles
for the subsystem.

We consider thermodynamic quantities of the subsystem
per unit mass. The introduction of the variables per unit
mass will be shown to be crucial in the calculation of fluctu-
ations. The total mass of the subsystem M is given in terms
of the mass m; and the number N; of the i-th component as

M= ELJ m;N;. We define also the mass fraction c; by m;N;/M,
i=1

which satisfies the identity 1 = fj ¢;. Then the Gibbs rela-

i=1 .
tion, Euler’s equation, and the Gibbs—Duhem relation of the
subsystem per unit mass are given as
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i=1
where e, s, and v represent, respectively, internal energy,
entropy, and the volume of the subsystem per unit mass, and
T and P represent temperature and pressure of the subsystem,
respectively. The chemical potentials 4/ (i=1,2,---,L—1)
are defined as g/ = t;/m; — . /my where y; is the chemical
potential of the i-th component. Due to the identity 1 = Z ci

among the mass fractions, the above equations are expressed
in terms of L—1 mass fractions. Note that Eqs. 1, 2, and
3 hold without the assumption that the total mass of the
subsystem M is constant. That is to say, the equation is valid
irrespective of the size of M of the subsystem, so that M is
not required to be zero.

In the case of binary solutions (L = 2), we have the identity
1 = c1+c;. Then, the Gibbs relation in Eq. 1 is simplified as
de = Tds— Pdv+udc where ¢ and u are the mass fraction of
molecule 1 and the chemical potential defined as ¢ = ¢ and
p=pfmy— o /m Y

Next, we consider fluctuations of thermodynamic quan-
tities in an L-component solution. The probability W of
the fluctuation of thermodynamic quantities of the sub-
system is given by Wo<exp[— ] where kg and Ty are
the Boltzmann constant and the temperature of the exter-
nal system, respectively, and OR is the minimum work
of the subsystem near the equilibrium, which is given as

OR = [55 6T — oVoP+ E ou,;ON; ] in terms of L+2 conju-
gate sets of the Vanables The symbol d in the right-hand-
side denotes the deviation (or fluctuation) of each quantity
from its average. If one assumes a restriction such as M =0
or OV =0 as the previous workers did,"*'® the minimum
work R may be a function of only L+1 conjugate sets of the
thermodynamic variables. Without such restriction, how-
ever, we must start from the minimum work, which is a
function of L+2 conjugate sets of the variable.

The fluctuation of any extensive variable X can be written
in terms of the corresponding variable per unit mass x and
the total mass of the subsystem M as X = xdM+M dx. Thus,
the minimum work is rewritten in terms of the variables per
unit mass as

i=1

L—1
OR= —Mo [6T6s~ 6PSv+Y_ ouf 6c,]

L—1
+5 Lsm [SIST— vOP+> cidui + —M] , e
i=1

where M, is the average mass of the subsystem. The second
term in Eq. 4, which is proportional to the fluctuation of the
total mass OM, becomes null on account of the Gibbs—Duhem
relation in Eq. 3. As a result, the minimum work of the L-
component solution can be simply written as

1 L—1
OR= EMO OTSs — 5P6V+; (S,Ll,-léci:I . (5)

Equation 5 shows that the minimum work of an L-component
solution can now be expressed in terms of L+1 sets of vari-
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ables: (T,s), (P,v), (4],c1), (43,¢2), -+, and (¢ _1,c.—1). In
the case of binary solutions, the minimum work is simplified
as OR = %M0[5T5s~ OP Sv+ Sudc] where we have used the
definition of ¢ and ¢ given above.

Equation 5 is essentially the same as those derived by
previous authors who imposed a restriction such as M =0 or
6V = 0.2 Thus, the probabilities of the correlation among
the fluctuation of thermodynamic variables obtained in the
present work coincide with those derived by the previous
workers under the artificial constraints’*'? (see, for example,
Eq.(10.C.40) in Ref. 1 for binary solutions). However, the
difference is that they assumed a constraint such as constant
mass in the derivation of the minimum work, which is in
diametrical contrast to the present derivation attained with no
constraint. To be more explicit, since the previous workers
assumed that M = 0, the second term in Eq. 4 vanished
by this artificial enforcement, whereas the term vanishes
automatically by virtue of the Gibbs—Duhem relation in Eq. 3
as mentioned above. On account of the above coincidence
the expression of the fluctuation in the textbooks cited'*'?
can be used safely for any ensembles.

Light Scattering Intensity of Binary Solutions

In this section we relate the light scattering intensity of bi-
nary solutions to the fluctuation of the thermodynamic quan-
tities considered in the preceding section. Since we should
like to make our theory as general as possible, we start by
considering the fluctuation of the dielectric constant d¢ as
a function of the fluctuation of the full four variables 7, P,
Ny, and N,. By using the mass fraction ¢ and the total mass
of the subsystem M, the fluctuation of the dielectric constant
can be written as

Oe oe oe
Se = (-) 5P+ ( ) ST+ ( ) Se
or T,.c,M or PeM Oc PT.M

Oe
+ (a—M)P’TYC oM. (6)

Since the dielectric constant is an intensive variable, the
equation ( gfw) PTe ™ 0 must hold intrinsically. Thus, the last
term in the rlght ‘hand-side of Eq. 6 vanishes to leave the
fluctuation of dielectric constant as a function of only three
variables, P, T, and ¢ as

Oe e de
de= (B_P) 5P+ (ar) oT+ <ac) se.
Referring to the correlation among the fluctuation of thermo-

dynamic variables, we have the mean square of the fluctua-
tion of the dielectric constant as
oe 2 2
()., (o).

(0= (55), (cerr)+(5), "ot
@)

where Cp is the heat capacity at constant pressure defined
as Cp =MyTy ( Os Equatron 7 is the same as that in the

textbooks,">'? but smce we do not assume any constraint,
the ensemble is more general than that considered by the
previous workers. Thus, Eq. 7 can be applied for average
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values in any kind of ensembles. The first term of Eq. 7
originates from the adiabatic pressure fluctuation, so that it
must correspond to the Brillouin scattering. The remaining
two terms are associated with the fluctuation in temperaturé
and the mass fraction, so they correspond to the Rayleigh
scattering.

‘We should like to repeat that the last term in Eq. 6 vanishes
intrinsically because the dielectric constant is an intensive
variable. This point is fundamentally different from the result
obtained by imposing the artificial constraint of oM =0 as in
the previous works.!>!? The extension of Eq. 7 from binary
to multicomponent solutions is straightforward.

Density Fluctuations in Binary Solutions

So far we have discussed the effect of the fluctuation of
the mass fraction upon the light scattering intensity in binary
solutions. Since we allow free diffusion across the boundary
of the subsystem, the fluctuation of density of the subsystem
can take place, which also contributes to the light scattering
intensity. In this section we examine the relation between
the fluctuation of the density and the concentration in binary
solutions, which is not given explicitly in previous textbooks.

Since the density of the binary solution p is equal to the
inverse of the volume per unit mass v (p = 1/v), it is more
convenient to choose the set of v, T, and ¢ than the set of P, T,
and c as the thermodynamic variables. Then, the minimum
work corresponding to Eq. 5 becomes

2
L (2 2 (P (o
6R_ 2M0 |:(8T)V,L(6T’) (8V)T,c [5v <8C)T,P6C:|

+ (%)T’P(éc)z] . ®)

Note that Eq. 8 can be derived without assuming any con-
straint in the subsystem. Then, the averages of the correlation
of the fluctuation of p, 7, and c are obtained as

((8T8¢)) = (5Tdp)) =0, ©

((8p60)) = (%) (6, (10)

T.p

2

()=t (55), i (%)T’P (602, an
where py is the average density of the subsystem. Equations 9
and 10 show that a density fluctuation does not correlate to
a fluctuation of temperature, but does correlate to the fluc-
tuation of the mass fraction. Equation 11 gives the relation
between the fluctuations of the density and the mass fraction.
The first and the second term in the right hand side of Eq. 11
correspond to the fluctuation induced by the pressure and by
the concentration fluctuation, respectively. Thus, the density
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fluctuation can be obtained experimentally through Eq. 11 in
connection with the fluctuation of the mass fraction.

Conclusion

In this paper we have derived the general expressions for
the fluctuation in binary solutions without imposing any ar-
tificial constraints. The obtained expressions are the same
as those derived previously, but we maintain that the present
derivation is on a physically more sound basis. The present
derivation guarantees the expression in textbooks, despite
the imperfection in their derivation. During the course of the
present work we have noticed that little attention has been
given to the importance of the Gibbs-Duhem relation in Eq. 3
in deriving the correlation of thermodynamic fluctuations.

The research is supported by the Grants-in-Aid for Scien-
tific Research of the Ministry of Education, Science, Culture
and Sports and by the CREST (Core Research for Evolution-
ary Science and Technology) fund from the Japan Science
and Technology Corporation.

References

1) B.J.Berne and R. Pecora, “Dynamic Light Scattering,” John
Wiley and Sons, New York (1976).

2) B. Chu, “Laser Light Scattering,” 2nd ed, Academic Press,
San Diego (1991).

3) G. Oster, Chem. Rev., 43, 319 (1948).

4) J. G. Kirkwood and R. J. Goldberg, J. Chem. Phys., 18, 54
(1950).

5) W. H. Stockmayer, J. Chem. Phys., 18, 58 (1950).

6) G. A.Miller, J. Phys. Chem., 71, 2305 (1967).

7) K. Iwasaki, M. Tanaka, and T. Fujiyama, Bull. Chem. Soc.
Jpn., 49,2719 (1976); K. Iwasaki, Y. Katayanagi, and T. Fujiyama,
Bull. Chem. Soc. Jpn., 49, 2988 (1976); T. Kato and T. Fujiyama,
J. Phys. Chem., 80, 2771 (1976); T. Kato and T. Fujiyama, J. Phys.
Chem., 81, 1560 (1977); T. Kato, T. Nakanishi, and T. Fujiyama,
Bull. Chem. Soc. Jpn., 53,2173 (1980).

8) W. Cheng, A-A. A. Abdel-Azim, M. J. El-Hibri, Q. Du, and
P. Munk, J. Phys. Chem., 93, 8248 (1989).

9) S. Kawase, K. Maruyama, and H. Okazaki, J. Phys. Con-
dens. Matter, 6,339 (1994); S. Kawase, J. Phys. Soc. Jpn., 64, 1784
(1995).

10) L. D. Landau and E. M. Lifshitz, “Statistical Physics,”
Pergamon Press, Oxford (1958).

11) A. Einstein, “Investigation on the Theory of Brownian
Movement,” Methuen and Co., London (1926); Pergamon Press,
Oxford (1958).

12) J. P. Hansen and I. R. McDonald, “Theory of Simple Lig-
uids,” 2nd ed, Academic Press, London (1986).

13) C. Cohen, J. W. H. Sutherland, and J. M. Deutch, Phys.
Chem. Lig., 2,213 (1971).

14) L. D. Landau and E. M. Lifshitz, “Fluid Mechanics,”
Addison-Wesley Publ. Co., Inc., Massachusetts (1959).




